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Ensemble & time averages, stationary,
ergodic systems
(Auto) Correlation Function

Define autocorrelation function
K(s) 7 <V(tN) V(tN % 5)>,

il *

K(0) is the dispersion (if <V> = 0),
K() " <V2(t)> > 0.

K(9) is independent of t; can show that
*K()* # K(0); K(s) " K(Is).




Correlation time J*; K(s) 6 O for s» J*.
Correlation function looks roughly like

FT not defined for random function
defined over all time, so restrict function
to!l1tol (1 very large),

v (t) 7 v(t), 'T1#t#1
/ 0 otherwise
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v (t) " mvl(T)e'Tth.
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Let K(s) be the correlation function for v
and defineits FT J(T),

K(s) 7 <v,(t) v, (t%s)>,
4
K(S) - mJ(T) e&iTS dT ,

&4
4

I(T) - % K eiTods.
These are Wiener-Khintchine Relations; to
make them meaningful, must give physical
meaning to J(T).

Consider K(0),

4
<v2(t)> " K(0) " mJ(T) dT,
so that the average power dissipated in g‘r&sistance Ris given by
w2 _1° 1!
<pP> " = JT)dT * = J(T)dT,
RmM RmM

R
&4 0

where J+(T) = J(T) + J(-T).

S0 J, isthe spectral density of v, or R
times the power spectral density.




Also canrelate J to v, by using
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KES) " <O (9> * 09> * o u(L) uths) dV
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1 K(s) e®Tsds.
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Regroup, recognize expressions for *
functions, to get
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Usual (mechanical) treatment

dv .
m— " O(t)% F(t
o ()% F(®)

O (1) is external force, slowly varying
F(t) is internal, contains slow (Fo) and fast (FN) variation
F() . & v E)), m% © B() &V % E)
" is friction constant. Can show
1B <FO)F(9>,, s




Electrical case, conductor with self
Inductance and resistance

L% T Ve BV(E) - V() PRI%VNE)  (Langevin eqn)

4
1

<V(0)V(s)>_, ds " 2B J(0
2kBT[TL OV(s) = 2kBT ©
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J(T) constant for TJ* <<1,
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JM) = == K(s)e'Tds
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K(s) 6 0 for s>> J*, so0 T<<1/J* Y Ts<<1. Therefore

4
IT) . %mK(s)lds " J(0)
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So for T << 1/J*
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Long transmission line, connecting
Identical R's

Characteristic impedance R

All in equilibrium at temperature T




V(1) isthe noise voltage in each resistor.
One-dimensional black body problem.
Voltage wave, V =V, exp[i(Tt ! kx)],
velocity o\ = Tk.

Count the number of modes:

Periodic boundary conditions: V(x=L) = V(0), so kL = 2Bn.

Number of modes per unit length is then )n = dk/(2B) between k and
k+)k, or between T and T+)T.

From Planck distribution (B-E stats) the
average number of photons in mode with
frequency f; is

Energy of one photon in that mode is hf,
SO average energy in mode with f is

hf
oNilkeD) y 4

No reflections, so power incident on
resistor is all absorbed.




Thermal equilibrium, so power emitted =
power absorbed (in each small frequency
band T to T+dT, detailed balance).

Velocityxmodes per lengthxenergy per
mode = energy per time absorbed/emitted,

LI IV oI DR L B
2B cl 2B ehf/(kBT) 11

TheV from oneresistor causes | = V/(2R)
to flow in the circuit, dissipating a power P
= R<I*> = <V*>/(4R) in the other resistor.

That power must be the power emitted
from the first resistor, so

<V2> 1 4 1 4 hf
- = gMdT " —
4R 4RM™" 2B M hkaD y 4
0 0 :
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etc.




h/ks = 0.04799 K/GHz

hf

P> - | | f
1% hf%iL 11
k. T 2[ k,T
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So at 290 K, 1 % effect at 116 GHz;
at 100 K, 1 % effect at 40 GHz;
at 100 K, 0.1 % effect at 4 Ghz.
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T, = "y Ty % (T

Say T1 = Ta, then T, must = T,, so

T2 ) Ta ) "21Ta%f(Ta)
f(T) = @y, )T,

and therefore

T2 ’ "21T1% (1! "21)Ta
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Pox = Mox"0zPx %W Mg, (11 "55) P, % Py
Pos - Mos"02Ps%Mog(L1™0,)P, % Peg

pO,a ’ O,a"01pa% MO,a(l ! l.01) Pa% pea ’ MO,aPa% pea

WhereP isavalablepower & pis
ddlivered power.

UseMgy s =MD , Mys ‘oo = MOy, 10 get

p0,x ) MSOOS(PX ! Pa) % MO,XPa% pex
Pos - Ms0p(Ps 1 P,)% Mgy P, % Pes

Poa " My, P, %P

0a’' a

Because of theisolator, My, = Mys= M,
a’]dpex:peS:pea’a’]dg)

Pox - M3003(P, 1 P.)% Py,
Pos - Mg0q,(Ps T P,) % pg,




Rearrange abit and divide one by the other
to get

Pox ! Poa . My0g(P 1Py
Pos ! Poa Ms0q, (Ps ! P,)

Use P = k;TB and rearrange somemore to
get the RADIOMETER EQUATION:

Tunable sandards [14]
Charecterize systam as function of input *
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